A SPECTRAL EQUIVALENT CONDITION OF THE 
P-POLYNOMIAL PROPERTY FOR ASSOCIATION SCHEMES 



HIROTAKE KURIHARA, HIROSHI NOZAKI 



Abstract. We give an equivalent condition of the P-polynomial property of 
symmetric association schemes. 



1. Introduction 

Let r = (A, E) denote a simple and finite graph of order n. The path distance be- 
tween two vertices x and y is represented by d(x, y). The diameter max{9(a;, y) \ x, y € 
X} of r is denoted by D(T) — D. Let Ti(x) be the set of vertices at distance i 
from x, for < i < D. In particular we focus on Td(x) in this paper, and the size 
of Tjj{x) is called the excess of x. 

A matrix A with rows and columns indexed by X is called the adjacency matrix 
of L when the (x, y)-entries of A satisfy 



A(x,y) 



1 ]fd(x,y)=l, 
otherwise. 



The spectrum of T is the set of distinct eigenvalues of A together with their multiplic- 
ities, and it is denoted by Spec (L) = {6»™° , f?™ 1 , . . . , (9™ d }, where 6 > 0i > • • • > d d . 
The spectrum of a graph can give several properties of the graph. For example, 
we can know the regularity (X)f=o m i@i = n @o = n k) and moreover if the graph 
is regular, the number of components is mo, cf. [2]. Nevertheless the distance- 
regularity is not determined only by the spectrum of a graph. Fiol-Garriga [5] gave 
a characterization of the distance-regularity using the excesses and the predistancc 
polynomials determined by the spectra of graphs, and this result is called a spectral 
excess theorem. After this work other descriptions of the spectral excess theorem 
were obtained by van Dam [3] and Fiol-Gago-Garriga [6]. 

An association scheme is a finite set with a higher regularity of relations among 
the elements of the set. The properties of association schemes are studied by 
many researchers, cf. [HQ]. In particular a P-polynomial association scheme is an 
interesting scheme which is closely related to the theory of orthogonal polynomials. 
Moreover P-polynomial association schemes are identified with distance-regular 
graphs. 

In this paper, we give two characterizations of the P-polynomial property of 
symmetric association schemes. The notation in the following theorems is prepared 
in Section [5] 
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First we show a spectral equivalent condition of the P-polynomial property for 
association schemes. 

Theorem 1.1. Let X = (X,{Ri}f =0 ) be a symmetric association scheme of class 
d. Suppose that {Oi}f =0 are mutually distinct. Then the following are equivalent: 

(1) X is a P -polynomial association scheme with respect to the first adjacency ma- 
trix A\ . 

(2) There exists I £ {0, 1, . . . , d} such that for each i G {1, 2, . . . , d}, 

j=l 1 3 

Moreover if (2) holds, then Ai is the d-th adjacency matrix. 

In previous research [7J, we have a characterization of the Q-polynomial prop- 
erty of symmetric association schemes. Later Nomura- Terwilliger [8] gave a linear 
algebraic generalization of the result of the Q-polynomial property. In their paper, 
they also obtained a similar result for the P-polynomial property. Indeed Theo- 
rem [hi] comes from their result. In the present paper, we give a simple proof of 
Theorem 11.11 based on that in [7J . 

We have the equality Qi{l) — niiPi(i)/ki, cf. (TJ Theorem 3.5 in Chapter 2]. If 
(2) in Theorem 11.11 holds . then I = d. Since kd and Pd(i) are eigenvalues of Ad, we 
need only the spectral information of Ai and Ad to check the P-polynomial prop- 
erty. Therefore we regard this characterization as an excess theorem for symmetric 
association schemes. 

For a connected regular graph, the value corresponding to the left-hand side 
in (ll.ip is expressed by using the predistance polynomials. We show another 
characterization of the P-polynomial property of a symmetric association scheme 
(X, {Ri}f =0 ) by the property of the predistance polynomials of the graph (X, Pi). 

Theorem 1.2. Let X = (X, {Ri}f =0 ) be a symmetric association scheme of class d 
such that {di}f =Q are mutually distinct. Let {pi}f =Q be the predistance polynomial 
of the graph {X, Pi). Then the following are equivalent: 

(1) X is a P-polynomial association scheme with respect to A\. 

(2) There exists I G {0,1,..., d} such that pd(0h) = P(^) holds for each h G 
{0,1,..., d}. 

2. Preliminaries 

2.1. Association schemes. We begin with a review of basic definitions concerning 
association schemes. The reader is referred to Bannai-Ito [1] for the background 
material. 

A symmetric association scheme X = (X, {Ri}f =Q ) of class d consists of a finite 
set X and a set {Ri}f =0 of binary relations on X satisfying 

(1) R a = {{x,x)\x £X}, 

(2) {Ri}f =f) is a partition of X x X, 

(3) l Ri = Pj for each i G {0, 1, . . . , d}, where *Pi = {(y, x) \ (x, y) G Pi}, 

(4) the numbers \{z G X \(x,z) G Ri and (z,y) G Rj}\ are constant whenever 
(x, y) G Pfc, for each i, j, k G {0, 1, . . . , d}. 
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Note that the numbers \{z £ X\ (x, z) £ Ri and (z,y) £ Rj}\ are called the inter- 
section numbers and denoted by .. In particular ki := p\ i is the valency of Ri. 
Let Mx (C) denote the algebra of matrices over the complex field C with rows and 
columns indexed by X. The z-th adjacency matrix in Mx(C) of X is defined by 

I otherwise. 

Let 8 i} j = 1 if % = j, Si j = otherwise. For M,N £ M X (C), M oN denotes the 
Hadamard product, that is, the entry-wise matrix product. From the definition of 
association schemes, it follows that 
(Al) Aq = /, where I is the identity matrix, 

(A2) Aq + Ai + ■ ■ ■ + Ad = J, where J is the all-one matrix, and Ai o Aj = SijAi 

for i,j £ {0,1,..., d}, 
(A3) % = Ai for each i £ {0,1,..., d}, 
(A4) AiAj = ZUoPi,j A k, for each i,j £ {0, 1, . . . , d}. 

The vector space 21 spanned by {Ai}f =Q over C forms a commutative algebra by 
(A4), and is called the Bose-Mesner algebra of X. It is well known that 21 is semi- 
simple (cf. [U Section 2.3]), hence 21 has a second basis Eq,E\, . . . ,Ed satisfying 
the following conditions: 

(El) E a = jxjJ- 

(E2) E a + E x + ■ ■ ■ + E d = I and E l E J = 5 l , ] E i . 

(E3) % = Ei for each i £ {0, 1, . . . , d}. 

(E4) EioEj — Yli=o li.jEk for some real numbers qfj , for each i,j £ {0,1, ... ,d} 

Eq, Ei, . . . , Ed are the primitive idempotents of the Bose-Mesner algebra 21. Wc 
call mi := rank Ei the multiplicity of X. The first eigenmatrix P = (Pi(j))j i=0 and 
the second eigenmatrix Q = (Qi(j))j i = o of X are defined by 

d ^ d 

3=0 1 1 3=0 

respectively. Note that {Pi(j)}j =0 and {mj}j =0 correspond to the spectrum of the 
graph (X, Ri). In particular, we use the notation 9i = P\(i) for < i < d. 

A symmetric association scheme is called a P -polynomial scheme (or a metric 
scheme) with respect to the ordering {Ai}f =Q , if for each i £ {0, 1, . . . , d}, there ex- 
ists a polynomial Mj of degree i, such that Pi(j) — Vi(Pi(j)) for any j £ {0, 1, . . . , d}. 
Moreover, a symmetric association scheme is called a P-polynomial scheme with 
respect to A\ if the symmetric association scheme has the P-polynomial property 
with respect to some ordering Aq, Ai, A^ 2 , A^ 3 , . . . , A^ d . Dually, a symmetric asso- 
ciation scheme is called a Q-polynomial scheme (or a cometric scheme) with respect 
to the ordering {Ei}f =0 , if for each i £ {0,1, ... , d}, there exists a polynomial v* of 
degree i, such that Qi(j) — v*{Qi(j)) for any j e {0,1,..., d}. Note that Vi and v* 
form systems of orthogonal polynomials. We introduce known equivalent conditions 
of the P-polynomial property of symmetric association schemes [1] Proposition 1.1 
in Chapter 3]. 

Theorem 2.1. The following are equivalent. 

(1) X is a P-polynomial scheme with respect to the ordering {Ai}f =Q . 
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(2) There exist polynomials Vi of degree i for each i, such that Ai — Vi(Ai). 
_ is an irreducible tridiagonal matrix. 

2.2. The predistance polynomials of graphs. Let F = (X, E) be a connected 
regular graph with the adjacency matrix A and the spectrum 

Spec(r) = {C,0rV--,C}- 

Let Z(t) = nf =0 ( < ~ ft) e M M- We define the inner P roduc t 



^ ^ = LYl ^ m *p(ftMft) 

for p, q 6 R[t]/(Z). The predistance polynomials po,pi, ■ ■ ■ ,Pd of T are the unique 
polynomials satisfying degpi = i and (pt,pj) = 5i.jPi(6o) for i, j £ {0, 1, . . . , e?}. It 
is well known that Pi(0o) > for any i £ {0, 1, . . . , d}, cf. [3]. 

Put = ni=i(^ — ft)> f° r * e {!> 2) • • • j rf}- These polynomials have degree 

d — 1, hence they are orthogonal to pd- Thus, 

d 

= \X\(pd,hi) = ^mjPdiQ^hiiOj) = Pd(0 )hi(9 ) + 771^(0* )/ij(0i), 

3=0 

which implies that 

/ 2 ,x yr °a - ft = rnip d (9i) 

' /J ft - ft Pd(ft) 

for i e {l,2,...,d}. 



3. Proof of Theorem 11.11 

First, we prove that (2) follows from (1) in Theorem 11.11 Suppose X is a P- 
polynomial association scheme with respect to A\. Let {Ai}f =Q be the P-polynomial 
ordering. For each i 6 {1,2 ... ,d}, we put m = Y\j=i (do — ft)/ (ft — ft ')> ancl define 

the matrix 

1 M ^-ft 

j¥« 

in 21. Since M* is a polynomial in A\ of degree <i — 1, we have 
(3.1) M*°A d = 0. 

On the other hand, we consider the expansion of M* in terms of the primitive 
idempotents {Ei}f =Q . Then we have 

KiE if j = 0, 

; I'i = \ I'H if J = *, 

otherwise. 



This means that M* = KiE^ + £j. Hence, by (|3.ip . it follows that Ei o Ad = 
— KiAd/\X\, that is, Qi(d) = — Kj. Therefore the desired result follows. 

Conversely, we prove that (1) follows from (2) in Theorem ll.il First we prepare 
the following lemmas. 
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Lemma 3.1 (cf. [7]). For mutually distinct fix, f3%, . . . , /3d, the following formal 
identity holds: 

d d p 

i=i k=i pi pk 

for all h G {0, l,...,d- 1}. 

We say that Aj appears in an element M of 21 if there exists a non-zero complex 
number a such that M o Aj — aAj . Let N£ denote the set of indices j such that 
Aj appears in A\ but does not appears in A\ for each < I < h — 1. We remark 
that AT* = {0} and TV* = {i}. Moreover, if O is distinct from {6j)j =v then 

J = \ X \ Yl d j=i A %-e- ■> that is > {0, 1, . . . , <i} = ULo N h ( a disjoint union). 

Lemma 3.2. Suppose X is a symmetric association scheme of class d satisfying 9q 
is distinct from {9j}j =1 . Then, the following are equivalent. 

(1) X is a P -polynomial scheme with respect to A%. 

(2) Uto^/{0,l,...,d}. 

Proof. Suppose X is a P-polynomial scheme with respect to A%. Let {Ai}f =Q be 
the P-polynomial ordering. Then, there exist polynomials Vi of degree i, such that 
Vi(A\) = Ai for any i by Theorem 12. II This implies that N* = {i} for any i, that 

is, Uf=o^ = {0,1,- ••,<*-!}. 

Suppose ULo N h {°> !, • • • , 4 holds - Since ULo N h = {0,1,..., d}, it follows 
is not empty. If N* is empty for some i, then N* +1 is also empty. This means 
that if is not empty, then N* is not empty for any i. Since Nfi, N*, . . . , N% 
are disjoint, N* has size 1 for each i 6 {0,1,..., d}. Put iV? = {^} and order 
j4j , A^ , . . . , . Then, we can construct polynomials Uj of degree z such that 
Vi(Ai) = A^. The first statement follows from Theorem 12. II □ 

Remark 3.3. From the proof of Lemma 13.21 an ordering of a P-polynomial associ- 
ation scheme with respect to A\ is uniquely determined. 

Let us return to prove that (1) follows from (2) in Theorem ll.il We have 
By our assumption, it follows that 

Ei oA i = =-JLn ^u,. 

\X\ |X|1 = 1^-^ 

By Lemma [3~Tl 

^ . „ _ + ± . „ _ ^ (« _ £ * n ^f) a - o 

for every /i < d — 1. This means that Z is not an element of N£ for every h < d — I. 
By Lemma [3.21 there exists an ordering {A^^f^ such that X is a P-polynomial 
scheme with respect to {A^^f^. Moreover we have £<j = Z. Therefore the desired 
result follows. 
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4. Proof of Theorem 11.21 

First, we prove that (2) follows from (1) in Theorem 11.21 Suppose X is a P- 
polynomial association scheme with respect to A\. Let {Ai}f =Q be the P-polynomial 
ordering, and {vi}f =0 be the polynomials which give the P-polynomial property of 
X. Now we have 

(4.1) Vi(A{) o Vj(Ai) = Aio Aj = SijAi = 5^v t {Ai). 

For M G M X (C), we define t(M) = Y. x , ye x M ( x > v)- Then T ( M ° N ) = tr i l MN) 
holds for M,N £ Mx(C), cf. pQ Lemma 3.2 in Chapter 2]. We obtain 

d 

T{v i {Ax)ov j {A x )) = tx(v i (A 1 )v j (A 1 )) = ^m h v l {B h )v j {B h ) 

h=0 

and 

T(vi(Ai)) = r(«i(Ai) o J) = tr («;(Ai)J) = tr (vi(0 o ) J) = \X\ih(9 ). 

Hence {vi}f =0 coincide with the predistance polynomials {pi}f =0 of the graph 
(X, Pi). Therefore we have pdiPh) = Pd{h) for each h € {0, 1, ... , d}. 

Next, we prove that (1) follows from (2) in Theorem ll.2l Suppose Pd{&h) — Pi(h) 
holds for each h € {0, 1, . . . , d}. Then we have 

n' go - 9j _ mip d (6i) _ nuPiji) _ 
/A 'I, ~ Pd(0 ) h 

for each i € {1, 2, . . . , d}. By Theorem ll.il X is a P-polynomial association scheme 
with respect to A±. 
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